
Volume22 (2003), Number2 pp.1–9

Local Exact Particle Tracing on Unstructur edGrids

PeterKipfer andFrankReckandGüntherGreiner

ComputerGraphicsGroup,Departmentof ComputerScience,Universityof Erlangen

Abstract
For analyzingand interpreting resultsof flow simulations,particle tracing is a well establishedvisualization
method.In addition,it is a preliminarystepfor more advancedtechniqueslike line integral convolution.
For interactive exploration of large data sets,a very efficient and reliable particle tracing methodis needed.
For wind channelexperimentsor flight simulations,large unstructured computationalgrids havebecomecom-
monpractice. Traditional approachs,basedon numericalintegration methodsof ordinary differential equations
however fail to deliversufficientlyaccuratepathcalculationat thespeedrequiredfor interactiveuse.
In thispaperweextendthelocal exactapproach of NielsonandJungin such a waythat it canbeusedfor interac-
tiveparticletracingin largedatasetsof steadyflowsimulationexperiments.Thiswill beachievedbysophisticated
preprocessingusingadditionalmemory. For furthervisualenhancementof thestreamlineweconstructan implic-
itly definedsmoothBéziercurvethat is usedfor ray tracing. Thisallowsus to visualizeadditionalscalarvalues
of the simulationas attributesto the trajectoryand enablesthe display of high-qualitysmoothcurveswithout
creatinganyvisualizationgeometryandproviding a goodimpressionof thespatialsituationat thesametime.

Categoriesand SubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:Line and curve gen-
eration;I.3.7 [ComputerGraphics]:Raytracing;G.1.2 [NumericalAnalysis]: Splineandpiecewise polynomial
approximation

1. Intr oduction

In many scientific areasas well as in technical applica-
tions, ComputationalFluid Dynamics(CFD) is of central
importance.The result of a fluid dynamicssimulationare
datasetswhich usuallydescribetheflow behavior in a 3D-
environment.To understandthecharacteristicsof thesimu-
latedprocess,ameaningfulvisualizationof thedataisneces-
sary. Theraw dataaredefinedonadiscretestructure,agrid,
which is build up out of many cells.In thenodesor vertices
of thegrid thevelocity (a vectorfield) andothersimulation
data,e.g.pressure,density, energy (scalarvalues)arestored.

One of the most commonmethodsof acquiringknowl-
edgeof flows is the useof particle tracing 9� 11� 7� 8� 4� 3. It is
also the basisof many other visualizationtechniquessuch
as streak-lines,streak-ribbons,time-surfacesor line inte-
gral convolution (LIC) 1. The particle tracingvisualization
methodshows thetrajectoryof onemass-lessparticlein the
flow. Thetrajectoryis obtainedby theintegrationof theordi-
narydifferentialequationcorrespondingto thevectorfield.

Theintegrationis usuallydonenumerically. In this paper

we describeanotherapproachfor vectorfieldsdefinedon a
tetrahedralmesh,i.e. anunstructuredgrid in which all cells
aretetrahedrons.It is a modificationof theexactintegration
methodintroducedin 8. Thismethodtraverseseverycell in a
singlestep.Our modificationcomprisesa sophisticatedpre-
processingof thedata,whichresultsin aclassificationof the
cellsandprovidesfor eachcell sufficient informationto per-
form theexact integrationvery fast.We determinetheexact
exit pointsof the particlefor every cell that is traversedby
the particle.The particle traceis the polyline of the com-
putedpointsor a interpolatingcurve. In contrastto all the
numericalintegrationschemes,thisapproachguaranteesthat
thelocalerrorswill notaccumulate,exceptfor floatingpoint
precisionerrors.Henceit is globallyveryaccuratecompared
to methodsbuilt onnumericintegration.See6 for acompari-
sonof achievableaccuracy for numericintegrationschemes.

As the startingpoint of the particle traceis selectedby
theuser, themethodmustbefastenoughto beusablein in-
teractive applications.At thesametime it maynot produce
incorrectresults.Oncea characteristicstreamlineis found,
theusermaywish to displayit mostfaithfully to thephys-

c
�

TheEurographicsAssociationandBlackwellPublishers2003.Publishedby Blackwell
Publishers,108 Cowley Road,Oxford OX4 1JF, UK and350 Main Street,Malden,MA
02148,USA.



Kipfer et al / LocalExactParticle TracingonUnstructuredGrids

ical environment.Here,moreexpensive renderingmethods
areacceptable.Thestreamlinehowever muststaythesame,
so switching numericmethodsis prohibitive as it may re-
sult in particletracesshapeddifferently. We presenta visu-
alizationstrategy thatoffers interactive renderingaswell as
high-quality ray tracing outputbasedon the sameparticle
pathbuilding routine.

Thepaperis organizedasfollows: In thenext sectionwe
review the existing methodsfor particletracingin unstruc-
turedgrids. At first we briefly describethe methodsbased
on numericalintegration of ordinarydifferential equations
and then in a more detailedway the local exact method.
In Section3 we outline our modificationsof the local ex-
act method,describethe preprocessingstep in detail and
givepseudocodefor thealgorithm.Thefollowingsectionde-
tails our approachof high-qualityrenderingof theobtained
streamlinein a physically motivatedand visually pleasant
way.

2. Particle Tracing in Tetrahedral Grids

Particle tracing in a vectorfield �v � �x � , consideredto be the
velocity field, amountsto solving the initial valueproblem
for anordinarydifferentialequation(ODE)

d �x � t �
dt � �v � �x � t ��� �x � t0 � � �x0 (1)

Where �x � t � representsthepositionof theparticleat thetime
t, startingat time t0 at position �x0.

The vector field �v is usually given at discretesample
points, usually at the verticesof a grid. In this paperwe
discussonly unstructuredtetrahedralgridsin Euclidean3D-
space.Theflow datais theresultof a numericalsimulation
andthemeshis thefinite elementgrid of thesimulation.

2.1. Numerical Integration Methods

The standardway to solve the ODE is numericalintegra-
tion. This topic is well investigatedandthe differentmeth-
ods10� 2 arecharacterizedas:single-stepor multi-stepmeth-
ods,single-stageor multi-stagemethods,explicit or implicit
methodswith constantor variablestep-size.We only out-
line thenecessarypreparationsto applysuchan integration
scheme.Thebasicalgorithmis:

cell = mesh.findCellAt(initialPosition);

while (particle.inGrid()) {
// interpolation
v = cell.velocityAt(currentPosition);
// integration
newPosition = calculateNewPosition(v,cell);
// point location
cell = mesh.findCellAt(newPosition);

}

By this procedurewe get a sequenceof samplepoints

�xn � �x � tn � of thepathline, approximatingthepositionof the
particleat timetn. Thepolylineconnectingthesepointsis an
approximationof thepathline of theparticle.

The calculationof the new position is performedby an
integrationstep.Thesimplestintegrationschemeis Euler’s
method: �xn� 1 � �xn � � tn� 1 	 tn ��
 �v � �xn �
Runge-Kutta methods(RK p) are known to be more accu-
rate.Theorderp of aRunge-Kuttamethoddenotesthenum-
berof internalinterpolationsandthereforealsotheorderof
the local approximationerror. Higher order meansgreater
exactness,but also more processingtime. Another factor
which influencesthe correctnessand time behavior is the
stepsize.Theshorterthestepsizein aparticletrajectorycal-
culation,thehigherthenumberof stepsto beexecutedand
thelongerthedurationof theprocess.At thesametime, the
errorwill besmaller. An approachto overcomethisis theuse
of adaptive methods,which influencetheir stepsizeaccord-
ing to ausergivenerrorthreshold.Thesemethodsaren’t free
from problemslike measuringtheerror, specifyingmeanig-
ful errorthresholdsandadequatestepsizes.

Another time consumingfactor in this approachis the
pointlocation,whichis necessaryaftereachintegrationstep.
This canbedoneeasilyin rectilineargrids,but in irregular
grids a probablynon-localcell searchis neededfor every
evaluation.The methoddescribedin the next sectiondoes
notsuffer from theseproblems.

2.2. Local Exact Integration

Thismethodhasbeenintroducedby NielsonandJung8. The
basicobservationis thefollowing: We know thevectorfield
only at the verticesof the tetrahedralmesh.For the values
in-betweenwe have to interpolatethevaluesat thevertices.
Thesimplestandmostefficient way is linear interpolation.
Thatis weconsiderthevectorfield aspiecewiselinearmap-
ping.Sincefor linearmappings�v theODE equation(1) can
besolvedanalyticallyfor eachtetrahedralcell,wecandeter-
mine theexactpath-linefor the linearly interpolatedvector
field within thetetrahedron.

In fact,we caninterpolatethe vectorfield usinga linear
system(see7) �v � �x� � A�x � �o
with a squarematrix A anda translationvector �o. Theana-
lytic solutionof equation(1) accordingto 8 is�x � t � � e� t  t0 � A �x0 � � e� t  t0 � A 	 Id � A  1 �o (2)

wheretheexponentialsof thematricesaregivenby theusual
seriesexpansion:

e� t  t0 � A � ∞

∑
k � 0

� t 	 t0 � k
k!

Ak
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Thiscanbecalculatedmuchfasterif thenormalform of the
matricesis known, e.g.if A hasthree(different)realeigen-
valuesλ1, λ2, λ3. With thetransformationmatrix formedby
theeigenvectors�b1, �b2, �b3, we have

A �
���� � ��b1 �b2 �b3� � �

��
� ��� �

S

��
λ1 0 0
0 λ2 0
0 0 λ3

������� � ��b1 �b2 �b3� � �
��  1

� ��� �
S� 1

(3)

In thecaseof complex eigenvalues,this representationis
alsovalid.However, sincecalculationswith realnumbersare
simplerweratherconsidera“real normalform” in thiscase.
Assumingthat the real matrix A hascomplex eigenvalues,
thentheseappearasa conjugatepair:λ1 � σ � iτ, λ2 � σ 	
iτ, � τ � 0� anda real eigenvalueλ3. The transformationto
the“real normalform” of A is givenby

A �
���� � ��b1 �b2 �b3� � �

��
� ��� �

S

��
σ τ 0	 τ σ 0
0 0 λ3

�� �� 	 �b2 � �b3 		 �b3 � �b1 		 �b1 � �b2 	
��

� ��� �
S� 1

(4)

In this case�b1 and �b2 aretherealandtheimaginarypartof
theeigenvectorcorrespondingto λ1 2 � σ ! iτ, and �b3 is the
eigenvectorcorrespondingto λ3.

Using thenormalformsof equation(3) andequation(4)
respectively, theexponentialsof A canbedeterminedasfol-
lows:

et̃A � S

��
eλ1t̃ 0 0
0 eλ2t̃ 0
0 0 eλ3t̃

��
S 1

and

et̃A � S

��
eσt̃ cos� τt̃ � eσt̃ sin� τt̃ � 0	 eσt̃ sin� τt̃ � eσt̃ cos� τt̃ � 0

0 0 eλ3 � t̃ �
��

S 1

where t̃ standsfor t 	 t0. Then the analytic solution of
equation(2) is in therealcase�x � t � � SΛ � t � S 1 �x0 � S∆ � t � S 1 �o (5)

with thediagonalmatricesΛ � t � and∆ � t � givenin thereal
caseby

Λ � t � �
��

eλ1t̃ 0 0
0 eλ2t̃ 0
0 0 eλ3t̃

��

∆ � t � �
�""� eλ1t̃  1

λ1
0 0

0 eλ2t̃  1
λ2

0

0 0 eλ3t̃  1
λ3

�$##�
and in the complex caseby a slightly more complicated
form.

Sofar we have assumedthatall eigenvaluesaredifferent
from eachotherandnon-zero(otherwiseA  1 doesnot ex-
ist). Concerningthefirst restriction,we point out thatthis is
thegenericcase.Whenchoosingrandomlyany tetrahedron
andassigningrandomlyvectorsto its vertices,theprobabil-
ity of obtainingidenticaleigenvalueswill bezero.And our
examplescomingfrom a simulationalsoshow, that this sit-
uation rarely occurs.Actually, the secondrestriction(non-
zeroeigenvalues)wasonly neededto derive theresultmore
easily. The final formulasmake senseandarealsocorrect

for zeroeigenvalues.In this casein ∆ � t � the term eλ % t � t0 &  1
λ

hasto bereplacedby t 	 t0.

Figure 1: TheRunge-Kutta methodof order 2 compared to
thelocal exactmethod,for a circular flow field.

Nielsoncarefullyanalyzessevenothercases:zeroeigen-
values, identical eigenvalues, multiple eigenvectors, and
identicaleigenvaluesof asingleeigenvector. Hedisplaysthe
pathby samplingtheexactsolutionwith suitablestepsize.

Comparison of integration methods Figure1 shows a vi-
sualizationof the achievableaccuracy of the RK2 integra-
tion methodandtheexact integration.TheRK2 integration
wasrun usingthe meanstepsizeof the exact method.For
achieving the sameaccuracy, the RK2 methodwould need
muchmoreandsmallersteps.Thedifferencescanbebriefly
summarized:'

Thelocalexactmethodgivestheexactsolution,provided
that thenumericalerrorsareneglected,andoneassumes
that theunderlyinglinear interpolationof thevectorfield
is a valid method.

'
For thelocalexactmethodno point locationis necessary.
In fact,knowing theneighborsof a tetrahedron,thenext
tetrahedronto beprocessedis givenby thelocationof the
exit point.
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Usingthelocalexactmethodonedoesnothave to specify
the stepsize, nor doesone have to take careof (adap-
tively) modifying it. The adaptationis built-in: For sim-
ulation,typically in numericallycritical areasor areasof
specialimportance,onehasa fine meshof tetrahedrons.
In theseareas,the pathsegmentsproducedby the local
exactmethodarethensmallaswell.

'
Thelocal exactmethoddoesneedsomeadditionalmem-
ory. However thememoryrequirementcanbescaledfrom
storingall preprocessingdata,to computingthe prepro-
cessingdataon-the-fly for eachtetrahedronvisited. The
datamaybecachedfor reuseor discardedimmediately.

3. Our Approach

Ourapproachis amodificationof themethodof Nielsonand
Jung.It differsin four ways:'

A differ ent classificationof thecellsis used.
'

An eigenvalue analysisis performedas preprocessing
andtheresultsarestored.

'
TheNewtonmethod is employedto find theexit pointof
a cell of thepathline.

'
The curve tangentsarereusedto build a smoothspline
curve for therenderingprocess.

Whenthe pathline entersa cell, we determinethe inter-
sectionpoint of the exact solutionand the exit faceof the
tetrahedron.Theexit point is theentrypoint to thefollowing
cell, wherethemethodis repeated.Thefinal particlepathis
theconcatenationof theintersectionpoints.

3.1. Classificationof EachCell

In contrastto 8, we do not pay muchattentionto all possi-
blespecialcases:We classifythetetrahedraasnormalcells,
parallelcellsor extraordinarycells.'

Parallel cellsarecellswhosevectorfield doesnotchange
its direction,i.e.all four velocityvectorspoint in thesame
direction.Typically tenpercentof all cellsbelongto this
group.

'
Normal cells have threedifferenteigenvaluesasthelin-
earpartof the(linearly interpolated)vectorfield. In addi-
tion thecritical point of thevectorfield is locatedoutside
thetetrahedron.

'
Extraordinary cells areall theremainingones.Typically
lessthan0.5 % of all cellsareof this type.Table1 com-
paresthreerandomlyselectedCFD datasets.

When the path line entersa normal cell we determine
theexit point asthe intersectionof theexactsolutiongiven
by equation(2) with the exit face. In contrastto Nielson
and Jungwho use an incrementalmethodfor finding the
exit point, we use Newton’s iteration method.It exhibits
quadraticconvergencefor finding roots.We needonly 4 in-
terationson averageto achieve reasonableaccuracy. Addi-
tionally, wecanavoid thecell search,becauseourmeshhan-
dling subsystemcanreturntheneighboringcell accordingto

# of cells Sphere Car Shuttle

total 8,193 457,874 1,058,785
extraord. 15 1,247 3,232

preproc.time 5.4sec 112.8sec 219.2sec

Table 1: Numberof extraordinary cells.

theexit facein constanttime. Theexit point is thenext en-
trancepoint for theneighboringcell.

Whenenteringaparallelcell wecomputetheexit pointby
a classicray-planeintersectioncalculationwith all planes
of the tetrahedron.In the caseof an extraordinarycell we
switch to a Runge-Kutta integration scheme,until the cell
searchroutinedetectsa new cell. We like to point out that
thiscaseoccursveryseldomasmentionedabove.

Notethatwith ourapproach,only extraordinarycellsneed
to traversedusingmultiplesteps.Thereforethevastmajority
of cells is traversedin a single stepusing highly accurate
integration.

3.2. Preprocessingfor Normal Cells

In a first step we have to determinethe eigenvaluesand
eigenvectors of the tetrahedronthat build its eigenspace.
For doingtheeigenvalueanalysis,we have to determinethe
linear interpolation �v � �x� � A�x � �o of the vector field. The
3 � 3 matrix A and the translationvector �o are uniquely
determinedby the four vectorequationsAVi � �o � �vi , (i �0 ( 1 ( 2 ( 3), whereVi aretheverticesof thetetrahedronand �vi
aretheattachedvelocities.Theeigenvaluesof A aredifferent
from eachother. We assertthis conditionby classifyingthe
tetrahedronby first checkingthe velocity vectors �v0, �v1, �v2
and �v3 at thevertices.If they all point in thesamedirection
(with respectto somethreshold),thecell getslabeledparal-
lel andwe storethis direction.Parallelcellsthenaretreated
differentlywhenbuilding theparticlepathline.

For thenon-parallelcells,we performaneigenvalueand
eigenvectoranalysisof A. Firsttheeigenvaluesarecomputed
usingCardano’s formula,whichallows theanalyticalcalcu-
lationof therootsof thepolynomial,which is of orderthree
in our case.Now we label the tetrahedronas real or com-
plex, accordingto whetherall its eigenvaluesarerealor two
of themarecomplex conjugatesto bereal or complex cells.

Finally we checkwhetherthe eigenvaluesare the same
(with respectto somethreshold)and we test whetherthe
critical point �xcrit of thelinearly interpolatedvectorfield lies
within thetetrahedron:

A�xcrit � �o � 0 ) �xcrit � 	 A  1 �o
c
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If so,we label the cell to be extraordinary. Hereis a pseu-
docode:

// check velocity field
if (cell.getVelocities().computeDeviation() <

EPSILON)
cell.mark(PARALLEL);

else {
Matrix A = LinSolve(cell.getVertices(),

cell.getVelocities());
Real lambda[3] = A.getEigenvalues();

// check for singularities
if (lambda.same)
cell.mark(EXTRAORDINARY);

else if (lambda.real)
cell.mark(REAL);

else
cell.mark(COMPLEX);

cell.setEigenvectors(A.getEigenvectors());

// check location of critical point
Vector crit = (-A).inverse() * o;
if (crit.isInside(cell))
cell.mark(EXTRAORDINARY);

}

If the tetrahedronis labeledreal we determinetheeigen-
vectors�b1, �b2 and �b3 correspondingto thethreeeigenvalues
λ1, λ2 andλ3. By changingthe lengthof the eigenvectors
we canachieve that det� �b1 ( �b2 ( �b3 � � 1. With the eigenval-
uesthetransformationmatrixS � � �b1 ( �b2 ( �b3 � andits inverse
S 1 � � �b1 ( �b2 ( �b3 �  1 is determined.Finally we storeS 1 �o.

If the tetrahedronis labeledcomplex we have eigenval-
uesλ1 � σ � iτ, λ2 � σ 	 iτ andλ3, with λ1 * 2 beingcon-
jugatecomplex numbers,σ, τ, λ3 being real numbersand
τ � 0. �b1 will betherealpartand�b2 will bethecomplex part
of thecomplex eigenvectorcorrespondingto λ1 * 2. �b3 is the
eigenvectorto λ3. Like in thepreviouscasewe canachieve
that det� �b1 ( �b2 ( �b3 � � 1 by appropriatescaling.In this case
S 1 � � �b2 � �b3 ( �b3 � �b1 ( �b1 � �b2 � t .

Note that theabove calculationsareindependentof each
other for eachcell, offering easyparallelizationby simple
multi-threading.This is especiallyusefulwhenprecomput-
ing all eigenspacesof all tetrahedrafor interactive particle
traceextractionasdescribedin section5. Given a memory
requirementof 8 pointers(4 neighboursand4 vertices)for
asimpletetrahedronimplementation,thepreprocessingstep
adds9 floating point valuesfor theeigenvectors,3 floating
point valuesfor theeigenvalues,3 floating point valuesfor
thecritical point anda typeinformationflag for theclassifi-
cationof the tetrahedron.This representsa memorygrowth
factor of 4 + 875, given a pointer size of 32 Bit and 64 Bit
floating point numbers.Note that this is the worst factorin
caseof precomputingall eigenspaces.In practice,the tetra-
hedronstructurewill carry additionaldataandthe vertices
alsocontributeto theoverall memoryrequirement.

3.3. Calculation of the Exit Points

The creationof the particle path is startedby identifying
the tetrahedronwhereinthestartpoint lies by performinga
full cell search.This is anexpensive operationbut it is only
necessaryonce.Comparethis with the pseudocodein sec-
tion 2.1, wherecell searchesoccurafter eachline segment
thatis generated.

Whenwe have found the cell, we know the eigenvalues
andthetransformationmatrixS � � �b1 ( �b2 ( �b3 � andS 1 �o that
we have built as shown in previous section.Now we can
computetheinverseS 1. Thenthepathline �x � t � is givenby
equation(5). We determinethe intersectionof �x � t � with the
four faceplanesof the tetrahedronanduseasexit point the
onewith thesmallestpositive t-value.

The intersectionpoint of �x � t � with theplanecorrespond-
ing to faceF0 � ∆ � V1 ( V2 ( V3 � is obtainedby solving, �x � t � � � V1 	 V3 � � � V2 	 V3 �.- � ,

V3
� � V1 	 V3 � � � V2 	 V3 ��-

with
, �a � �b- denotingthescalarproductof �a and�b. Solvingfor

t givesthe parametervalueof the intersectionpoint. Using
theequation(5) we canwrite,

Λ � t � S 1x0
�
Stransp ��� V1 	 V3 � � � V2 	 V3 ����-� ,

∆ � t � S 1 �o �Stransp ��� V1 	 V3 � � � V2 	 V3 ���.-� ,
V3
� � V1 	 V3 � � � V2 	 V3 �.-

WeuseNewton’s methodto solve this equation:

proc NewtonIter(Pin,cell)
{
A = cell.S.inverse() * Pin;
B = cell.S.transpose()*

((cell.V1 - cell.V3) *
(cell.V2 - cell.V3));

// C = cell.S.inverse() * o is precalculated
a = cell.V3.dot( (cell.V1-cell.V3) *

(cell.V2-cell.V3) );
t = 0;
f = sum_i[0-2]{ A[i]*B[i] };
f’ = sum_i[0-2]{ cell.lambda[i]*A[i]*B[i] } +

sum_i[0-2]{ C[i]*B[i] };

do {

t = t + (a-f)/f’
f = sum_i[0-2]{ exp(cell.lambda[i]*t) *

A[i]*B[i] } +
sum_i[0-2]{ ((exp(cell.lambda[i]*t)

-1) / cell.lambda[i]) *
C[i]*B[i] };

f’= sum_i[0-2]{ cell.lambda[i] *
exp(cell.lambda[i]*t) *
A[i]*B[i] } +

sum_i[0-2]{ exp(cell.lambda[i]*t) *
C[i]*B[i] };

} until(converged);
}
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Theformulasin thepseudocodeabove arefor thecaseof
real eigenvalues.Whenthecell in questionis marked com-
plex, f and f / mustbereplacedby theappropriateform from
section2.2.

Hereis thepseudocodefor thewholeprocess:

switch (cell.type) {
case PARALLEL:
direction = cell.velocityAt(Pin);
Real t = INFINITY;
for (i=cell.allPlanes) {

Real tmp = cell.plane[i].distanceTo(Pin);
if (tmp < t) {

t = tmp;
Int id = i;

}
}
Pout = Pin + t * direction;
break;

case REAL:
case COMPLEX:
Pout = INFINITY;
for (i=cell.allPlanes) {

Vector tmp = NewtonIter(Pin,cell);
if (tmp < Pout) {

Pout = tmp;
Int id = i;

}
}
break;

case EXTRAORDINARY:
Pout = RungeKutta(Pin,cell);
while(Pout.isInside(cell))

Pout = RungeKutta(Pout,cell);
Int id = mesh.findCellAt(Pout);
break;

}
nextcell = cell.getNeighbour(id);

4. Rendering the Particle Trace

The local exact intersectionpointsof theparticlepathwith
thegrid cell facetsprovidesanexactsampling.For drawing
theparticleline onscreen,thesimplestapproachis to draw a
straightlinebetweentwo intersectionpoints.Becausethe3D
world coordinatesof the intersectionpointsareknown, in-
teractive renderingbasedon OpenGLis possible.For many
visualizationtasks,especiallyin CFD simulation,this is a
viableapproach,becausethesizeof thegrid cells typically
is very small in regionsof interest.This canbedueto adap-
tivegrid refinementthathasbeeninitiatedby theflow solver
or simply by construction.If theusermovesinto thegrid in
orderto closelyexaminesomedetailstructure,thepiecewise
linearnatureof thestreamlinesbecomesvisibleagain.

4.1. Building a SmoothCurve

In order to make the streamlineslook more pleasant,we
representthe segmentwithin one grid elementby a cubic

curve. From the Newton iteration step,we have the exact
exit point �x � tout � of the tetrahedronand the exit time tout .
Theentrypoint of the tetrahedron�x � tin � is theexit point of
thepreviously processedcell. Sowecandefinethecell time
tcell � tout 	 tin. Thecorrespondingvelocity vectors �vin and�vout areobtainedby linearinterpolation(seesection3). Then
the uniqueBéziercurve interpolatingpositionandvelocity
(= derivative) canbecalculatedasfollows.

Using the cell time, we constructa simpleBézierspline
with thefour points

Q0 � �x � tin �
Q1 � �x � tin � � tcell 0 3 
 �vin

Q2 � �x � tout � 	 tcell 0 3 
 �vout

Q3 � �x � tout �
Thesplinehasthefollowing four basisfunctions(with t be-
ing thetimeelapsedsincetin)

�B0 � t � � � tcell 	 t � 3
tcell

3�B1 � t � � 3 
 � tcell 	 t � 2t

tcell
3�B2 � t � � 3 
 � tcell 	 t � t2

tcell
3�B3 � t � � t3

tcell
3

1
vin

Q3

1
v 2 1x1 31

x2

1
x1

Q2

1
v 2 1x0 31

x0

1
v 2 1x2 3

Q0

Q1

1
vout

Figure2: Buildinga simpleBézierspline.

We cannow expresstheBézierspline�c � t � thatrepresents
theparticletraceby thesimplet-dependedvector-valuedcu-
bic polynomial

�c � t � � 3

∑
i � 0

Qi 
 �Bi � t �
In addition,pleasenotethe the Bézierspline(seefigure 2)
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beingthe Hermiteinterpolant,hasthe betterlocal approxi-
mationerror O � h4 � comparedto O � h2 � for the linear inter-
polant.

4.2. Ray Tracing the Spline

ThecubicBéziersplinebetweenthelocalexact intersection
points within onegrid cell now gives a very natural look-
ing trajectorythatis alsophysicallyplausible.It canalsobe
drawn directly using OpenGLNURBS. Becausethe cross
sectionof a line hasno extent, it can be hard for the user
to get the correctdepthcue if thereis no neighboringsur-
facegeometry. One solution is to apply shadingor to de-
fine visualizationgeometrylike streamribbonsthatprovide
3D cues.Additionally, otherdatavaluescanbemappedonto
thegeometrybymanipulatingshape(rotation)orappearance
(color-coding)of thebasicparticletrace.

Figure 3: A ray-tracedparticle line througha unstructured
grid. Velocityis mappedto line thickness(slow 4) thick).

Our approachis to renderthe trajectorysegmentdirectly
usingray tracing.Thegeometryof thecurve is a tubethatis
obtainedby sweepinga spherealongthepath.For mapping
additionaldatavalueson the tube,we canvary the sphere
radiusandthe color of the surface.Note that this is equiv-
alent to creatinga streamtubevisualizationgeometry. Our
approachhasthe advantagethat the surfaceof the tube is
never constructedexplicitly. This savesa lot of computation
timeandmemoryfor theverticesof thesampledsplinetube,
becausethesamplingmustotherwisebequitefine to avoid
shadingerrors.Thesamplingmaybecoarserin areasof low
curvatureand/orlow variationin the mappeddata,but this
againwould introduceadditionalcomputationoverhead.

The ray tracingapproachautomaticallychoosesthe cor-
rectsamplingrateandcanbe implementedvery efficiently.
The crucial point of our approachis to computethe ray-
tubeintersections.Weareusingamodificationof aGraphics
Gemintroducedby AndreasLeipelt 5. We canfind all inter-
sectionsof the ray �w � �a � θ �d with the spherecenteredat�c � t � with radiusr � t � of the sweepingprocesst 576 tin +8+9+ tout :
by lookingat theequation; �c � t � 	 �w ; 2 � r � t � 2

Insertingtheray equationandsubstitutingp � t � � �c � t �<
 �d

andq � t � �
; �c � t � 	 �a ; 2 	 r � t � 2 we get thet-dependingsolu-

tionsof this equationby

θ � t � � p � t �=!?> p � t � 2 	 q � t �
which is in generala complex-valuedfunction.Thepositive
minimumof θ � t � canbefoundby solving

p/ � t �=! 2p � t � p/ � t � 	 q/ � t �
2 @ p � t � 2 	 q � t � � θ / � t � � 0

This equationcanbeslightly rewritten andby squaringit
weobtainthegeneralizedform�s� t � � q/ � t � 2 � 4p/ � t ��� p/ � t � q � t � 	 p � t � q/ � t �.� � 0

which is an equationof degreen � 4m 	 2 wherem is the
degreeof �c � t � . Soin thecaseof tracingcubicsplinesn � 10.

found
intersections

A
c B t C

θ

Figure4: Intersectionsof theraywith thetube.

For actuallycomputingtheray-tubeintersection,we now
determineall rootsof �s� t � andevaluateθ at theseroots to
find the smallestpositive real number. Figure4 shows the
intersectionsfound by this process.Becausewe deliver the
smallestpositive θ backto theray tracer, we areguaranteed
to displaythecorrectsurfaceintersectionpoint.

As thetubeis constructedby sweepinga sphere,thenor-
malat thecomputedray-tubeintersectionpoint is simplythe
spherenormalwhich is calculatedstraightforward.Thetube
primitive alsonicely integrateswith accelerationstructures
for ray tracing, becausewe can computethe axis-aligned
boundingbox by looking at the three componentsc0 � t � ,
c1 � t � andc2 � t � of the polynomial �c. We build the polyno-
mials

mi � t � � ci � t � 	 r � t � Mi � t � � ci � t � � r � t � i � 0 +9+8+ 2
anddefinemini to betheabsoluteminimumof mi � t � treated
by component.Note that a uniquetmin thereforeneednot
exist.Weuseananalogueapproachto obtainmaxi . Thevec-
tors � min0 ( min1 ( min2 � and � max0 ( max1 ( max2 � then form
thebest-fittingaxis-alignedboundingbox.

5. Results

Table2 showstheoverall timeneededby distinctintegration
methodsto computethe streamlines.The calculatedpaths
consistof an identical numberof segmentswith the same
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overall length, so the averagestep size is the same.The
pathscanbe different,becausethe methodsoffer different
accuracy. In order to achieve the samenumericalaccuracy
asthe local exactmethod,theRunge-Kutta methodswould
needsmallerstepsizes,resultingin longerprocessingtimes.
In the last two lines of the table,we compareour method
with andwithoutprecomputedeigenspacesof thetetrahedra.
Note that we needadditionalmemoryin order to storethe
intermediatevariablesasmentionedin section3.2whenthe
tetrahedraarepreprocessed.Thecreationof thetetrahedra’s
eigenspacesfor theSpheredatasetfrom table1 took5.4sec-
onds.In thesecondcase,thecalculationof theeigenvalues
andeigenvectorsis delayedandperformedon-the-flywhen
the trajectoryentersa cell, demonstratingtheability of our
algorithmto tradememoryfor speed.All timemeasurements
arewall-clock time ona SGIOctane300MHzR12000.

Figure 5: The shuttlemodel in the wind tunnel computed
with thelocal exactmethod.

method time (sec)

Euler 1.75
Heun 2.31
Runge-Kutta3 3.11
Runge-Kutta4 3.33

Exactwith preprocessing 2.63
Exacton-the-fly 9.22

Table 2: Timingsfor different integration methodsfor 1000
integration stepson theSphere dataset.

Using OpenGLto draw line primitivesin interactive ap-
plicationsis fast.Theuserhowever oftencannotclearlysee
thespatialpositionandshapeof thestreamlinedueto miss-
ing shadingeffects. In figure 6, we comparethe OpenGL
imageon the left with a ray tracedoutput.In the latter, the

shapeof thestreamlineis clearlyvisible.Ourviewing appli-
cationoffersinteractive explorationof thedatasetby letting
theuserfreely positionandcomputestreamlineswhich are
drawn aspolylinesimmediately. In caseneeded,theusercan
renderthecurrentview usingray tracingby simply clicking
a button. If the camerais moved, the viewer automatically
falls back to OpenGLpolyline drawing. For the datasetin
figure3, the ray tracingof oneframetook threesecondsat
800 � 400pixel resolution.

Figure 6: High-quality visualization through ray tracing
givesbetterdepthcues.

The local exact particle path faithfully follows the true
vectorfield. Figure7 shows on the left side the pathcom-
putedin a syntheticthree-tetrahedrondatasetdisplayedus-
ing OpenGLline primitives.The flow vectorsof the outer-
mostverticesareperpendicularandpointup,right anddown
whengoingfrom theleft tetrahedronto theright one.Tradi-
tional integrationmethodsneeda smallstepsizeto produce
anequivalentline.Ouralgorithmcomputestheparticletrace
in just threesteps.In the ray tracedimageon the right, the
segmentsof the particlecurve areemphasizedby different
colors.

Figure 7: Thesmoothcurveon the right is colored differ-
entlyin everysegmentcomputed.

6. Conclusion

This paperpresentedthe idea of creatinglocal exact par-
ticle tracesfor tetrahedralgrids. The methodpresentedre-
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placesthe Euler or Runge-Kutta integration stepsthat are
performedtraditionallywith anexactcomputationof theexit
pointsof the trajectoryin the traversedtetrahedra.Because
themethodis locally exact,numericalerrorsdonotaccumu-
late.

Theconcatenationof thecomputedcurvepointsbuildsthe
particletrace.It canbedisplayedin severalwaysaccording
to the capabilitiesandrenderingspeedrequirementsof the
client.This rangesfrom renderingtheparticletraceaspoly-
line in interactive applicationsto ray tracinga smoothtube
that is implicitly definedby the curve pointsandthe curve
tangentsat thesepoints.

From the point of view of integrating this visualization
methodin a larger system,the ability to control the mem-
ory requirementandtheopportunityfor parallelizationis in-
teresting.Thecomputationof eigenvaluesandeigenvectors
of all tetrahedracanbe performedasa parallelpreprocess-
ing step,or it canbeexecutedon-the-flyduringthecreation
of the particle trajectoryonly for the traversedcells. If the
memoryis strictly limited, thealgorithmcanthereforeoper-
atein aconstantmemoryfootprint.
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